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Gluing is a method of constructing blowing-up solutions to partial differ-
ential equations, and we shall say that the gluing is surjective if all blowing-
up solutions may be re-constructed by the gluing. In Yang–Mills gauge the-
ory, for example, Taubes [19] constructs some instantons by the method of
gluing, and Donaldson [4] proves its surjectivity; for the details we refer also
to Freed and Uhlenbeck [6]. In special Lagrangian geometry, by a theory of
Joyce [10, 11, 12, 13, 14], we can smooth some isolated conical singularities by
the method of gluing, and we wish to prove its surjectivity.
We can formulate the surjectivity problems in terms of moduli spaces. In
the situation of Donaldson’s result [4] indeed one has the moduli space of Yang–
Mills instantons modulo gauge equivalence; using a result of Uhlenbeck [20] one
can compactify it by adding some singular instantons; one defines the boundary
of the moduli space as the set of all the singular instantons added for the com-
pactification; using the surjectivity result one can determine a neighbourhood
of the boundary in the compactified space.
We wish to do a similar thing in special Lagrangian geometry. We suppose
that M is a Calabi–Yau (or more generally almost Calabi–Yau) manifold of
dimension m over C. We take a ∈ Hm(M ;Z). We denote by N the set of all
compact special Lagrangian submanifolds of M with homology class a. We give
N the C∞-topology. Mclean [15, Theorem 3.6] proves that N is a manifold of
dimension finite.
For compactifyingN we shall use varifolds and currents in geometric measure
theory. As special Lagrangian varifolds are calibrated in the sense of Harvey and
Lawson [7] they may be oriented and regarded as currents. By a fundamental
theorem of Harvey and Lawson special Lagrangian currents are homologically
area-minimizing, and so their area will not be cancelled; for the details we refer
e.g. to Federer [5, 5.4.2] or Simon [18, Theorem 34.5]. In effect we may use
varifolds in place of currents and vice versa. We shall mainly use varifolds
rather than currents.
We denote by V the set of all special Lagrangian integral varifolds (or cur-
rents) in M with support compact, boundary 0 and homology class a. We give
V the weak topology of varifolds. From an integral compactness theorem of Al-
lard [1, Theorem 6.4] we see that V is compact. We may regard N as a subset
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of V. From a regularity theorem of Allard [1, Theorem 8.19] we see that N is
an open subset of V, and the C∞-topology on N is the same as the one induced
from V. We denote by N the closure of N in V. We put ∂N = N \N .
In the situation of Donaldson’s result [4] the boundary of the moduli space
consists of instantons with isolated singularities, to which one can apply the
gluing method of Taubes. In our situation, however, ∂N consists of special
Lagrangian varifolds whose singularities may be non-isolated or branched, and
it will be difficult therefore to determine a neighbourhood of ∂N in V. What
we shall do is to take a certain point X of ∂N and determine a neighbourhood
of X in V.
We have mainly two things to do: the analysis of bubbling-off and and the
classification of local models. In the proof of Donaldson’s surjectivity theorem
one uses a technique of Uhlenbeck [20] for the analysis of bubbling-off, and a
result of Atiyah, Hitchin and Singer [3] for the classification of local models.
We suppose that X has singularity only at one point and modelled on Jacobi-
integrable smooth cones of multiplicity 1. We can then analyse the bubbling-
off near X, using a technique of Allard–Almgren [2], Simon [16, 17] and the
author [9]. On the other hand it seems difficult in general to classify local
models for smoothing isolated conical singularities.
For stable T 2-cones in the sense of Joyce [11, Definition 3.6], however, we
can classify the local models. We can describe the stable T 2-cones as follows.
We put
C = {(z1, z2, z3) ∈ C3 \ {0} : |z1| = |z2| = |z3|, z1z2z3 ∈ (0,∞)}. (0.1)
Harvey and Lawson [7, Chapter III.3.A, Theorem 3.1] prove that C is a special
Lagrangian submanifold of C3\{0}. We put Σ = C∩S5. It is easy to see that Σ
is diffeomorphic to T 2. Joyce proves that C is a stable cone. Haskins [8] proves
that every stable T 2-cone may be expressed as a(C) for some a ∈ SU3.
We suppose now that M is of dimension 3 over C. We suppose also that
X has singularity only at one point and modelled on C with multiplicity 1.
We prove that we have a local model L compatible with X in the situation of
Joyce [14, Theorem 10.4]; L is a special Lagrangian submanifold of C3 asymp-
totic at infinity to C with multiplicity 1. For each t > 0 we can define tL by
re-scaling L by t. We can find a real number τ > 0 such that for each t ∈ (0, τ)
we can glue tL to X by the method of gluing. Hence we get a smooth embedding
G : (0, τ)→ N with G(t) tending to X as t→ +0.
We shall parametrize G : (0, τ) → N by a family of special Lagrangian 3-
folds with isolated conical singularities modelled on C. We denote by X the set
of all elements of V with supported connected, singularity only at one point and
modelled on C with multiplicity 1. Joyce [11, Definition 5.6] defines a topology
on X . We prove that it is actually the same as the one induced from V. By
a result of Joyce [11, Corollary 6.11] we can take a neighbourhood Y of X in
X which has a structure of manifold. Joyce proves [14, Proposition 10.3] also
dimY = dimN − 1. Making τ > 0 and Y smaller if necessary we can construct
a one-to-one local diffeomorphism G : (0, τ) × Y → N with G(t, Y ) tending to
Y as t 7→ +0 for each Y ∈ Y.
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We can extend G continuously to [0, τ)×Y by setting G(0, Y ) = Y for each
Y ∈ Y. We note that G : [0, τ) × Y → N is a one-to-one open mapping. Our
surjectivity result is:
Theorem 1. G maps [0, τ)× Y onto a neighbourhood of X in V.
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